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ABSTRACT 

We propose that Strominger's method to derive the BTZ black hole 
entropy is in fact applicable to other asymptotically AdS^ black holes 
and gives the correct functional form of entropies. We discuss various 
solutions in the Einstein-Maxwell theory, dilaton gravity, Einstein- 
scalar theories, and Einstein-Maxwell-dilaton theory. In some cases, 
solutions approach AdSs asymptotically, but their entropies do not 
have the form of Cardy's formula. However, it turns out that they 
are actually not "asymptotically AdS^" solutions. On the other 
hand, for truly asymptotically AdS^ solutions, their entropies have 
the form of Cardy's formula. In this sense, all known solutions are 
consistent with our proposal. 
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1 Introduction 



Strominger has derived the Bekenstein-Hawking entropy of the Banados- 
Teitelboim-Zanelh (BTZ) black hole Jl], ^ from the asymptotic Virasoro 
algebra 0. Recently, we applied Strominger's method to a solution 
found by Martinez and Zanelli (MZ) ^j. This is the static solution of three- 
dimensional gravity with a conformal scalar field. The solution is not AdS^ 
but it is asymptotically AdS^ (See Section |^ for the definition of "asymptot- 
ically AdS^"); therefore, it has the asymptotic Virasoro algebra. We found 
that the functional form of the Bekenstein-Hawking entropy agrees with the 
boundary conformal field theory (CFT) prediction. The overall numerical 
coefficient does not agree however; this is because this approach gives the 
"maximum possible entropy" for the numerical coefficient 0. 

In this paper, we consider the extension of our approach. We propose 
that Strominger's method is in fact applicable to other asymptotically AdS^ 
black holes and gives the correct functional form of entropies. In Section ^ 
we discuss the stationary black hole solution of three-dimensional gravity 
with a conformal scalar field. When angular momentum J = 0, it reduces 
to the MZ solution. The Bekenstein-Hawking entropy formula of the black 
hole has the same form as Cardy's formula, e.g., the entropy is the sum of 
the holomorphic part plus the anti-holomorphic part. 

In Section |^, we discuss other black holes which approach AdS^ asymp- 
totically. We consider solutions of the Einstein-Maxwell theory, dilaton grav- 
ity, Einstein-scalar theories, and Einstein-Maxwell-dilaton theory [Q, |f^- [[l9|] . 
There have been known many solutions which approach AdS^ asymptotically, 
Q but whose entropies do not have the form of Cardy's formula. However, it 
turns out that they are actually not asymptotically AdS^ solutions. On the 
other hand, for truly asymptotically AdS^ solutions, their entropies have the 
form of Cardy's formula. In this sense, all known solutions are consistent 
with our proposal as far as we are aware. 

In Appendix 0, we discuss the Hamiltonian formalism ||20[ to define the 



^When we write ". . . approaches AdS^ asymptotically" in this paper, it means that the 
leading order terms of the metric are the same as the AdSs metric; this is different from 
"asymptotically AdS^^ which constrains subleading terms in the metric (See Section 0). 
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mass and angular momentum of black holes. We also prove that the charges 
in the Hamiltonian formalism are conformally invariant up to the reference 
terms for a generic Einstein-scalar theory in Appendix |B[ 



2 The Stationary MZ Black Hole 

2.1 The MZ Solution 

In this section, we consider the action given by 

The surface term B' should be included so as to eliminate the second deriva- 
tives of the metric. The field equations are 

1 1 

Rfiu — -^QfjLvR ~ pdfiu = SvrGT^i/, (2) 

VV-^i?</. = 0, (3) 
where T^j^ is the matter stress tensor given by 

T;. = V^0V.0 - ^(?^.(V0)2 + ^{g,,,V^ - V^V, + R^, - ^g^,R}<j)'. (4) 
The matter stress tensor is traceless. Therefore, 

This immediately implies that the solutions to Eqs. (0) and (U) are asymp- 
totically AdS^. 

The MZ solution is 



(7) 



7rG(2p + r+) 

The coordinates take — oo < t < +oo, < < 2tt, and < p < +oo. See 
refs. Q for further properties of the solution. 



2 



2.2 Stationary Solution 



A stationary metric can be written as 



ds^ = -{N^f{r)de + r\r)dr^ + R^{r){d^ + N^{r)dtY. (8) 



In 2+1 dimensions, a stationary black hole solution can be generated from a 
static black hole solution by a "coordinate transformation" since the trans- 
formation can be done only locally ||2l[| . 

This is because the spacetime is not simply connected; closed curves which 
encircle the horizon cannot be shrunk to a point. Thus, the first Betti number 
hi is equal to one and there is a closed 1-form which is not exact. Suppose a 
stationary solution is generated from the following transformation: 



where and are the coordinates of a static and a stationary solution; 
a and h are constants. There is a timelike Killing vector r] = dt in both 
solutions. The vector fields are mapped onto each other under a global 
diffeomorphism. Given the vector, one can construct a 1-form V which is 
inverse to 77; = 'rj^/\rj\'^. In the static solution, V = dt, which is an exact 
1-form. This is transformed as = adt + bdip formally in the stationary 
solution. This is a closed 1-form but not exact because the period of V 
about closed curves C enclosing the horizon does not vanish: 



Thus, these 1-forms are mapped to each other only locally. Because a metric 
maps vectors to 1-forms, this means that metrics cannot be mapped to each 
other either. 

One also has to make the transformation = bt+a(f and ~ r^/ (a^ — 6^) 
as r — i> 00 in order that the resulting metrics become asymptotically AdS^. 
We therefore make the following coordinate transformation to the r+ = 1 
solution: 



i = at + b(p, 



(9) 




(10) 




(11) 
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= '^^^ (12) 

This is the same coordinate transformation used to generate the stationary 
BTZ black hole. The coordinate transformation ensures that N-^ and g"^^ 
vanish at r = r-t under appropriate conditions. 

Applying the coordinate transformation, one obtains 

,2 _ 1 (r^ - rlmr^ - rl) - (r^ - rl) (3 + ^)} 

- p 4^2_^2(i_l) 

-V p/ 

+{.._l..(l_l),L,_l_J^z|li^rf,J, (13) 



ri — r? 



ttG 2Jr2 - + Jri - 



As in the BTZ black hole, we now identify </? </? + 27r instead of (p. 

Since A'"-'- and g'^'^ vanish sX r = r±, r± represent the locations of the outer 
and the inner horizon. This can be seen by using Eddington-Finkelstein like 
coordinates: 

dv = dt + h{r)dr, dip = dip + k{r)dr, (15) 

where 



Then, the metric becomes 



ds' = -{N^Ydv' + 2dvdr + R\d(p + N^dvy 



+ A }^RNf + AT^y/l + ^l 2d(pdr. (18) 
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Thus, the surface r = r+ is a null surface generated by the geodesies 

r(A)=r+, ^ + ^"M^ = 0- (19) 

Also, the surface is a marginally trapped surface since any null geodesies 
satisfy 

at r = r+. Here, we used g^r = at r = r^. So, r decreases or remains 
constant [for the geodesies (pJ])] as v increases. 

On the other hand, the "inner horizon" r = r_ is actually singular because 

_ p _ 12{32(r^-rif + K-r^n 



We use the Hamiltonian formalism |]20[ to define the mass and angular 
momentum of the black hole. In Appendix 0, we discuss the canonical 
formalism for a slightly more general action than Eq. (|l]). For the action (|l|), 
the charges are given by Eq . (|6^ . Using the zero- mass black hole 



ds^ = g^^dx^dx"" = -^dt"^ + —dr^ + r^d<^'^ (22) 

r r 

as the reference spacetime, one gets 

8GM = (23) 

8GJ = |r+r_, (24) 

for the stationary solution (p!3D . 

In order for the solution to be a black hole {i.e., no naked singularity), 
one must have r+ > r_ or 

M>0, \J\<Ml. (25) 

However, in the extreme limit \J\ = Ml, the singularity completely disap- 
pears; the solution becomes the extreme BTZ black hole by an appropriate 
coordinate transformation. 
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The static limit r 



' erg 



is always outside the outer horizon since goo is a 



monotonically decreasing function and 5^00 > at the outer horizon. 
The metric (O) approaches AdS^ asymptotically, i.e., 



-^dt^ + —dr'^ + r'^dip^. 



(26) 



Moreover, the metric satisfies the boundary conditions given by Brown and 
Henneaux [22]. Therefore, there should exist the asymptotic Virasoro alge- 
bra. 



2.3 Thermodynamics 

The entropy of the black hole is given by 

7rr_|_ 



S 



BH 



3G ■ 



(27) 



The entropy does not satisfy the area law Sbh = A/ (AG). This is because 
the solution ([T3|) is not written in terms of the Einstein metric @]. 

The horizon r = r+ is also a Killing horizon, i.e., a null surface to which 
a Killing vector is normal. The relevant Killing vector is 



X 



dt ^ dip' 



(28) 



where Qh is the angular velocity at the horizon: 



dif 



r_ 



(29) 



The surface gravity k is defined by the Killing vector as 

'^' = -^(V^X^)(V,x.)- 

Therefore, we define the Hawking temperature as 

9 — 



T = — 

2tx 



(30) 



(31) 
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The Hawking temperature depends on the normahzation of the timehke 
Kilhng vector. Since the spacetime is asymptotically AdS^, there is no nat- 
ural normalization we can take. Equation (^) is the Hawking temperature 
with respect to the Killing vector df. But the "Killing time" is not the same 
as the "affine time" of the asymptotic observer unlike asymptotic flat space- 
times; therefore, the physical significance of the "Killing time" is not entirely 
clear. The temperature T{R) as seen by the observer at distance r = R is 
given by the Tolman relation |p3|: 



which vanishes at infinity; there is an infinite redshift at infinity. 

From Eqs. (|23|), (0), (pTl), and (|3TD, one can check that the first law of 
thermodynamics is satisfied: 

dM = TdS + VtudJ. (33) 

Now, in terms of the mass (|23| ) and the angular momentum (0), the 
entropy is given by 



s..-^r^^r-^y (3.) 

This has the same form as Cardy's formula, i.e., the entropy is the sum of 
the holomorphic part plus the anti-holomorphic part. Moreover, M and J 
appear in the same form as Lq and Lq eigenvalues 0. All these may be 
reminiscent of the asymptotic CFT. 

However, the overall numerical coefficient does not agree with the asymp- 
totic CFT's result. The central charge does not change from the pure-gravity 
result due to the no-hair theorems [Q. Then, one get for the CFT prediction 
as 

.^^J/^./^l (35) 
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3 Other AdSs Solutions 



In this section, we briefly discuss other asymptotically AdS^ solutions for 
three-dimensional gravity with a cosmological constant and matter fields. 
Actually, only known asymptotically AdS^ solutions are those for Einstein- 
scalar theories. Thus, these are the only solutions to which one can apply 
Strominger's method. This is fortunate however; entropies for other solutions 
does not have the same form as Cardy's formula. In this sense, all known 
solutions are consistent with our proposal. 

To make discussion clear, we give the definition of "asymptotically AdS^" : 

(i) They should contain the black hole solution in question. 

(ii) They should be invariant under the AdS^ group 0(2,2) at spatial in- 
finity. 

(iii) They should make the surface integrals associated with the generators 
of 0(2,2) finite. 

In particular, conditions (i) and (ii) require that 

(i') The metric of the solution should satisfy the boundary conditions given 



by Brown and Henneaux [22 . 



3.1 Einstein-Maxwell Theory 

A static electrically charged solution was obtained by It was later gen- 
eralized by various authors |^, ||, ^ [1^]. The most general solution in this 
category is |T^. The solution found by is not a black hole, so is unin- 
teresting for our purpose. These solutions approach AdS^ asymptotically, 
but none of the solutions are asymptotically AdS^; the gauge field produces 
O(lnr) terms in metrics. Note that condition (i') constrains the subleading 
terms in metrics as well. Moreover, the mass and angular momentum diverge 
because of the logarithmic term, thus violating condition (iii) as well. 
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3.2 Dilaton Gravity 

Solutions are found by |[TT1 , [T2| , [13|, |l^ |15|, |16|. The most general solution in 
this category is [|14[ |l6l. The action considered by |]13|, |16| is (in the "string 
metric" ) 

^=16^/ d'^^e-'^ [r - MV<Pr + ^} ■ (36) 
The static solutions in the string metric are given by 



-a < r 



[ar] 



dr"^ 



a' {r2-r2(Ii)^} 



+ V, (37) 
(38) 



where 



+ 1) 



^(cu + 2)(2cj + 3) ^' 



8GM = ^^^^(ar^ 
c<j + 1 



(39) 



When = — 1, the action corresponds to the low-energy bosonic string ac- 
tion with a world-sheet conformal anomaly. The uj = —1 solution is not 
asymptotically AdS^ though. The solutions satisfy condition (i') if > — 1. 



The action of Chan and Mann |jTT], [T^ is in the Einstein metric and solutions 
are not asymptotically AdS^ except for pure gravity. However, the solutions 
satisfy condition (i') in the "string metric." The solutions after the transfor- 



mation become those of |jT3|, |T6|; they satisfy condition (i') when 1 < < 2 
in their notation. Refs. |T2|, |I^] consider the c? = 3 Kaluza-Klein theory with 
a cosmological constant and corresponds to the = action. 
For the static solutions, the entropy is written as 



TT 



BH 



2aG [to + 2 



8GM\ 



1 



2{2ij+3) 



(40) 



Thus, the entropy does not have the form of Cardy's formula except when 
UJ ^ CO (pure gravity). 

However, one cannot apply Strominger's method to the solution. One ac- 
tually needs to enforce stronger conditions than Brown-Henneaux's boundary 
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conditions. Otherwise, the charges J[rf\ associated with the symmetries di- 
verge in general for deformed spacetimes. In other words, they do not satisfy 
condition (iii). 

For instance, consider the second term of Eq. (|6^ : for metrics which 
satisfy condition (i'), 

G'^^' {v^D^Qki - qkiD.v^) ~ 0(1). (41) 

Since U oc exp(— 20) oc r^/^'^+^\ the mass is generally expected to diverge. 
Thus, the boundary conditions one really needs are (a, b = t,ip) 

(42) 

e-^'^q,, = 0(1), e-2<^ = 0(ri/("+i)), 

o o 

for the metric perturbation g^^, = (7^1, — g^j^^, where 5'^^/ is the zero- mass 
black hole metric. Such a condition restricts the Virasoro algebra so that the 
canonical realization of the Virasoro algebra does not exist. 



3.3 Einstein-Scalar Theories 



Chan has obtained a variety of solutions Jl^] which include the MZ solution 
as a special case. | Some of them are asymptotically AdS^. In the following, 
—A < is an effective cosmological constant at infinity, M is the mass 
computed in the Hamiltonian formalism, and we use the unit 8G = 1 for 
simplicity. 



Solutions (33) and (40) of ref. are given by 



^■5(33) 



0(33) 



-<Ar^- M(l - 




dr + 



Ar2 _ M(l - ^ 



+ r^d(f^ 



r 



3VM 
2br 



^We use the word "dilaton" only if a theory is invariant under the dilatation, (p (j>+a. 
When gauge fields are present, the gauge fields are allowed to transform as well. 
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0(40) 



^2 



2 _ 2A£' 
' A 



respectively. Here, b (= in [0) and A (= M/L in [|T7l) are 

coupling constants appeared in actions with appropriate dimensions. 
For a particular value of B, the solution (33) becomes the MZ solution. 

The solutions satisfy condition (i'). Using Eqs. (^) and (|62|) , one can 
show that scalar s do not contribute to the charges J'[ri] under asymp- 
totic behavior of canonical variables and surface deformation vector; 
we have the same surface term as the one for pure gravity. Thus, the 
charges J'l't]] obey the Virasoro algebra and the central charge does not 
change from the pure-gravity result. 

These black holes have entropies Sbh v^M, so the functional forms 
agree with CFT predictions. 

Solutions (22) and (28): solution (22) is given by 



ds%2) = -(ArVr2 - B^)dt^ + r + ^'V, 

(22) ^^(^2_52)| 



(22) 



2 , 2^2, 

■ arccosf 1 



4 ^ ^2 ^ 

Here, B is an integration constant related to the mass: M = \AB^ in 
the Hamiltonian formalism. Note that the mass differs by a numeri- 
cal factor from the one given by Chan (in his quasilocal stress tensor 
formalism). The scalar 0(22) is imaginary; this changes the sign of the 
kinetic term, but the action remains hermitian. Chan considers the 
negative-mass case B^ < 0. Then, the solution is not a black hole, but 
rather a naked singularity located at r = 0. 

Solution (28) is given by 

2 r. 2 . ,2 (1-r^^' 



dsU = - i - Mil - ;^)| dt^ + ^^2 _ M(T- ^ 
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Here, A (= M/L in [|T^) is a coupling constant appeared in the action 
with an appropriate dimension. 

The solutions satisfy condition (i'). These black holes have entropies 
Sbh oc v^M. However, scalars contribute to the charges J'[ri], so one 
needs to reexamine the algebra in order to compare numerical coeffi- 
cients. 



Solutions (24) and (38) are given by 




1 - 



3VM\2 



(2^) I ^ hr '\ Ar2-M(l-^) ^ 

(24) = arccos(J^M3), 



2 



2 + kr 

respectively. Here, h (= v^M / B in |T^), A and /c are coupling constants 



appeared in actions with appropriate dimensions. The solutions do not 
satisfy condition (i'), so are not asymptotically AdS^. 

Incidentally, some of Chan's actions contain M explicitly as a coupling 
constant, so M is not an integration constant. One can redefine the coupling 
constants so that M does not appear in actions {e.g., for solution (33), define 
h such that h = ^J~M j B). He argues that this causes a problem since the mass 
diverges in his quasilocal stress tensor formalism. However, the mass remains 
finite in the Hamiltonian formalism and agrees with M in the original actions. 
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3.4 Einstein-Maxwell-Dilaton Theory 

Solutions are obtained by fl^, |Tl], |18|, |19|. The action of ||10|, |ll], |18 



IS 



(43) 



in the string metric. The gauge field couples to the dilaton in the NS-NS 
gauge field form. The most general solution for the action is . 
The static electric solutions in the string metric are given by 



U{r) 

Ao 

24, 



'uj+V U{r) 
2(cj + 3)2 r.o J. 1 



r 



(44) 

(45) 

(46) 
(47) 



where m is a parameter related to the mass of the solution. The solutions 



of JTO], jl^] satisfy condition (i') in the string metric when 00 > —1. However, 
it has the same problem as dilaton gravity. However, in general, the entropy 



does not have the same form as Cardy's formula either. Ref. considers 
a gauge field which does not couple to the dilaton in the NS-NS field form. 



The solution of [T^ does not approach AdS^ asymptotically. Incidentally, 
the presence of gauge fields could extend the Virasoro algebra. 
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A Charges in the Regge-Teitelboim Formal- 
ism 



We consider the following action for a scalar-tensor theory in n-dimensional 
spacetime, 

S = / (Tx^ {u{cl>)R + 21-^} + Sm, (48) 

Sm = J rx^g [-\w{<t^) (V0)' - . (49) 

According to the standard ADM decomposition, the bulk Hamiltonian is 
written in the form 

H[N] = (f-^x [n^H^ + N'n^\ , (50) 

where N-^, and E are the lapse, the shift functions and a time slice, respec- 
tively. Here, we have dropped the possible surface terms. The Hamiltonian 
and momentum constraints are given by 

n±^^i^'^ p)M-'(^^')+^/hV, (51) 

Hi = -2y/hDj + pDicj), (52) 

where tt*-' and p are the canonical conjugate momentum of hij and 4> respec- 
tively, and 

1 U' 

^ = - leb '""^^ + 2^") + + ^ + 8^^^- ^''^ 

Here, U' = '^""^^i? is the (n — 1) -dimensional Ricci scalar, and is the 
covariant derivative with respect to hij. 
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The Regge-Teitelboim formalism starts with constructing the Hamilto- 
nian, which has well-defined functional derivatives with respect to canonical 
variables for any surface deformation vector. 

We list some convenient formulae: 



5 f("-i)r 



jk 



h 6^j6k^ 



(56) 



5 [Vh = -Vh ^''-^^G'^hij + VhDi {G'^^^Dj5hki) , (57) 



5 (Vh 
6(VhAU 



kh 



2 



-Vh Di 



S'^'' ShM D.U 



(58) 
(59) 
(60) 



Using the above formulae, one can obtain the variation of the bulk Hamil- 
tonian with a surface deformation vector 77 = rj-^n + rj^df. 



(bulk terms) - jj^ dSiTlr]], 



(61) 



1 



Vh 



+ 



IGvrG 
1 

8^ 



UG'^'' iv^Dj6hki - 6hMD,7]^) - 7]^6{h'^)D,U (62) 



where 



7 = 8nG 



,su\- 

^f/'(0) 



(63) 



The bulk terms give the equations of motion. Note that we have not yet 
considered any fall-off conditions in Eq. (|6^). 

If one can rewrite the surface term (^Tj) in terms of a total variation by 
some asymptotic conditions, §QY,dSiX^[rf\ = SJ'[ri], the Hamiltonian H[r]] = 
H[r]] + J'[r]] has well-defined variational derivatives. For example, for three- 
dimensional Einstein gravity (with or without a conformally coupled scalar 
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field), J is given by 



J[ri]= i dS^ 

JdT, 

under the asymptotically AdS^ conditions 0] . Here, = g^u — 9^u and the 

o 

reference metric 9^i, is a metric satisfying the asymptotically AdS^ conditions, 
which is usually chosen as the globally AdSs or the zero-mass black hole. 

The Hamiltonian H[r]] is the generator of the transformation associated 
with the surface deformation vector r]. If the vector t] is an asymptotic Killing 
vector, then H[7]] is the generator of the asymptotic symmetry and gives a 
conserved charge associated with it. Since we have the constraint H[rj] ~ 0, 
the numerical value of the H[ri] is just the surface term J'l'q]. 

If there is a timelike or rotational asymptotic Killing vector, d/dt or d/dip, 
one can define the mass or angular momentum as J' [d/dt] and J'[d/dip] 
respectively. 

It is obvious from the above discussion that in the Regge-Teitelboim for- 
malism, we can fix the values of the charges only up to the reference values. 



(64) 



B Conformal Invariance of Charges 

In this appendix, we consider the dependence of the charges on the choice of 
the conformal frame. 

A conformal transformation such as g^i, = ^^^(0) g^u is merely a change 
of variables, so physical quantities such as the mass and angular momentum 
should be invariant under a conformal transformation. We will show that 
the charges in the Regge-Teitelboim formalism are actually invariant under 
a conformal transformation, up to the reference values. 

Under a conformal transformation, various geometrical quantities trans- 
form as 

= ^-'9"', (65) 

^ = fi"V^, (66) 
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R + 2{n- l)nlnr] - (n - 2)(n - 1) (Vlnfi 



as 



R = n"^ 

Therefore we can rewrite the action 
S 

167rG' J ' " 



(67) 



^ J d-x^g{u{<j))R + 2r'} 



16 
n — 1 

+ 



(68) 



where 
W{(t>) 



v{ct>) = n--{<j>)v{<j>) + 



SttG 



(69) 
,(70) 

(71) 



Since the bulk Hamiltonian is given by neglecting surface term, the bulk 
Hamiltonian in the tilde frame is simply given by replacing various quantities 
in the original Hamiltonian with the corresponding quantities in the tilde 
frame. 

The canonical variables transform as {hij, ; ir^^p) {hij, = 0; n'^^ ,p), 
where 



p 



( d 



InQ] 71. 



After some calculation, we get 
On the other hand, since 



'Hi = Hi. 



(72) 
(73) 

(74) 
(75) 



n, = -N{dt), = -[-g^^)-y\dt), = -(-n'f^^/^dt), 

= n-^ (-N{dt)^ = n-^fi. 



(76) 
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we have 



Hence, we obtain 
where 



= {r]^n)nf' + r]\di)'' (77) 
H[V] = m, (78) 



fl^ = Qr]^, fj' = 7]\ (79) 

In each conformal frame, the surface term X*, which is necessary for well- 
defined variation principle, has the same form in terms of quantities in the 
conformal frame. By a straightforward calculation, we can also show 

ds,r[fi\ = ds,r[ril (80) 

that is, 

5J[fi\ = SJ[v]. (81) 

This means that the values of the charges are independent of the choice of 
conformal frames, up to any terms such as the reference values which vanish 
for a variation of the canonical variables. 
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